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THE AUTOMORPHISM TOWER OF GROUPS
ACTING ON ROOTED TREES

LAURENT BARTHOLDI AND SAID N. SIDKI

ABSTRACT. The group of isometries Aut(7,) of a rooted n-ary tree, and many
of its subgroups with branching structure, have groups of automorphisms in-
duced by conjugation in Aut(7,). This fact has stimulated the computation
of the group of automorphisms of such well-known examples as the group &
studied by R. Grigorchuk, and the group I" studied by N. Gupta and the second
author.

In this paper, we pursue the larger theme of towers of automorphisms of
groups of tree isometries such as ® and I". We describe this tower for all
subgroups of Aut(72) which decompose as infinitely iterated wreath products.
Furthermore, we fully describe the towers of & and I

More precisely, the tower of & is infinite countable, and the terms of the
tower are 2-groups. Quotients of successive terms are infinite elementary
abelian 2-groups.

In contrast, the tower of I has length 2, and its terms are {2,3}-groups.
We show that Aut?(I")/ Aut(I") is an elementary abelian 3-group of countably

infinite rank, while Aut?(I") = Aut?(D").

1. INTRODUCTION

The completeness of a centerlesd] group is measured by the extent to which all
its automorphisms are inner, i.e. to which G = AutG. If G has outer automor-
phisms, then adjoining them to G is part of the process of completing G; indeed G
embeds in Aut G as the subgroup of inner automorphisms, and Aut G is the one-step
completion of G. This process can be repeated on AutG to produce a subnormal
series of automorphism groups Aut’ G for all i € N. Formally, the automorphism
tower of G is defined as follows:

Definition 1.1. Given a centerless group G, we define Aut®(G) for any ordinal «
as follows:

Aut’(G) = G;
AutaH(G) = Aut(Aut™(G));
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and if « is a limit ordinal, then

Aut®(G) = | Aut?(@).
B<a
All these groups are also centerless, and hence form an ascending tower of groups.
We define the height 7(G) as the least ordinal a such that Aut®(G) = Aut® ™ (G);
this minimal « exists by Theorem 2.1
The group G is complete if 7(G) =0, i.e., if Out(G) = 1.

Many important groups have height one: for example, non-abelian free groups
F satisty Aut® F' = Aut F; this was shown by J. Dyer and E. Formanek [9] if F has
finite rank, and by V. Tolstykh [37] for general F. Mapping class groups, simple
groups, and arithmetic subgroups of simple Lie groups, are also of height one [6].
The isometry group of a regular, non-rooted tree is complete [39].

In this paper, we are more specifically interested in the automorphism tower
of groups acting on rooted, regular trees. These groups are quite interesting in
that their automorphism tower often turns out to be quite short (1, 2 or w, much
less than the upper bound the successor of 2 given by Theorem [Z]), and can in
concrete cases be described explicitly as groups acting on the original tree; that
is, automorphisms of these groups are induced by conjugation by tree isometries.
Therefore, we deal with the normalizer tower of a group defined as follows.

Definition 1.2. Given a subgroup inclusion G < N, we define the normalizer
tower of G in N as

Norm%(G) = G;
Norm% (G) = Normy(Norm% (G));

and if « is a limit ordinal, then

Norm% (G) = U Norme(G).
B<a

To fix notation, let 7 be a d-regular rooted tree, for some integer d > 2. Also,
let G be a group acting on 7. Consider the d subtrees 77,...,7; rooted at all
vertices neighbouring the root of 7. The subtrees 77,...,7; are permuted by G,
and the (set-wise) stabilizer of 7; acts on 7; by restriction. Each of the subtrees 7;
is isomorphic to 7', and therefore carries an action of G as well as a restricted action
of Stabz, (G) to the subtree 7;. We call G layered if the direct product of d copies of
G, each acting individually on 71, ..., 74, embeds in G, and G permutes transitively
the subtrees 77,...,74. A first goal of this paper is to give a quite explicit way of
calculating the automorphism tower of a layered group (see Section Hl):

Theorem 1.3. Let L be a layered group of isometries of the binary tree, set N =
Normaut 7 (L), and let N, be the layered closure of N, i.e. the smallest layered group
containing N. Then Auti(L) < N, foralli<w.

More precisely, let C be the smallest lattic of subgroups of AutT containing
L, N and closed under the operations G — G x G, G — {(g,9)|g € G}, G —
Normy (G), and (G,H) — {g € H|g2 €G and [H,g] < G} for every G,H € C
with G < H. Then Aut’(L) € C for all i € N.

2T.e., family of groups closed under the operations (H, K) — H N K and (H, K) — (H, K).
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Now consider a slightly weaker condition than being layered: that the intersec-
tion of the groups G and G x - - - X G have finite index in both groups. There are some
finitely-generated examples of such groups; the best-studied are the “Grigorchuk
group” & acting on the binary tree [I3] and the group I' acting on the ternary
tree [16]. Both of these groups enjoy many extra properties, such as being tor-
sion, having intermediate word-growth, and being just-infinite. The automorphism
group of I" was described in [32].

A second goal of this paper is to describe quite explicitly all terms in the automor-
phism tower of these two groups and groups similar to them. The automorphism
tower lies inside the full isometry group of the original tree, and the last term of
the tower has a natural description:

Theorem 1.4. The group T defined in [16] has height 2.

Theorem 1.5. The Grigorchuk group & has height w, and Aut® (&) is the smallest
layered subgroup of AutT containing G; equivalently, it is the subgroup of AutT
generated by a copy of G acting below each vertex.

Finally, in a more general direction, we are interested in knowing when the
automorphism group of a countable group is again countable, and how far the au-
tomorphism tower of such a group grows. An example is the following result, whose
proof closely follows [36, Theorem 3.3.1]. We make free use of notions defined in
that reference, in particular stationary sets (Definition 3.3.4) and Fodor’s lemma
(Theorem 3.3.11). Roughly speaking, a stationary set should be thought of as hav-
ing positive measure, and Fodor’s lemma states that a strictly decreasing function
on a stationary set has a stationary fiber.

Proposition 1.6. Let H be a countable group. Suppose G < H < K with G finitely
generated and Centx (G) = 1. Then the terms of the normalizer tower of H in K
are countable, and therefore the tower has countable height.

Proof. Assume G = (s1,...,sk), and denote the normalizer tower of H by {N,};

i.e. Ng = H and N4y = Normg (N,) and N, = U7<a N, for limit ordinals a.
First, we show that N, is countable for all & < w1, the first uncountable ordinal.

This is clearly true for « = 0. Then, for any j € {1,...,k}, we have sé-v‘”“ C N,

and therefore \sj-v"“\ < Ng. This implies [Nq41 : Centy,,, (55)] < Ro, and hence

k
[Nas1 : () Centw,,, (57)] = [Nag1 : Cent, , (G)] = | Nay1| < .
i=1
Finally, if « is a countable limit ordinal, then N, is a countable union of countable
groups and is therefore countable.

Assume now by contradiction that N, # Ng for all distinct o, 3 < wy. Let T'
be the set of countable limit ordinals, which is a stationary subset of w;. For each
« € T choose an hy € Noy1 \ Ny. Since « is a limit ordinal and N, < N1, we
have

G <Ny = J Ny
y<a
now for each j € {1,...,k} choose 7; < «a such that 5?" € N,,, and set f(a) =
max{vy;}. We have f(a) < a for all @ € T, i.e. f is a regressive function T' — wy.
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By Fodor’s lemma there exists v < w; with
S={aeT|f(a) =~} stationary.

For each o € S define ¢ : G — Hy by = — zhe. Any ¢, is determined by the
images of G’s generators, so

[{¢ala € S} < |H,[" <wr;

however |S| = wy because S is stationary, so there are oy # g € S with ¢n, = da.;
in other words, 1 # hmh;Z1 € Centg (W) = 1 and we have reached a contradiction.
O

Recall that a tree isometry « € Aut 7 is of finite state if its action is induced by
a finite transducer, and that the set of finite-state isometries forms a group R; see
page 336 for the definition.

Corollary 1.7. Let R be the group of finite state isometries. Then Auti(R) 18
countable for all i € N, so T(R) is countable.

Proof. Apply Proposition with K = Aut7 and G either the Grigorchuk group
(if d = 2) or the Gupta-Sidki group (if d > 3). By Theorem [B7 we have Aut®(R) =
Norm% (R). O

As another illustration, consider G < Aut7 a finitely generated group acting on
the binary tree 7 = {1,2}*, and assume that G contains for all v € 7 an element
g, fixing vl and v2, and having non-conjugate actions on the subtrees rooted at
these vertices. Then Centay7(G) = 1, and Proposition applies.

2. THE AUTOMORPHISM TOWER

For a good survey of known results on automorphism groups, see [29]. Even
though the rest of the paper does not rely on the considerations in this section, we
include some relevant facts here.

First, we note that the automorphism tower has been computed for some classes
of groups, and indeed that in many cases the tower has small height. W. Burnside
showed in [8, page 95] that Aut(G) is complete if and only if G is characteristic in
Aut(G), i.e. if and only if G < Aut?(G). He then showed (op. cit., next page) that if
G is a non-cyclic simple group, then 7(G) < 1. Furthermore, the symmetric groups
Sym(n) have height 0, when n # 6.

H. Wielandt showed in [38] that the tower of a centerless, finite group is finite.
At that time little was known about the height of infinite groups.

A. Rae and J. Roseblade showed in [28] that if G is a Cernikov group, i.e. G
is a finite extension of an abelian group and satisfies the minimal condition on
subgroups, then 7(G) is finite. Later J. Dyer and E. Formanek showed in [9] that
non-abelian free groups have height 1; i.e. Out(Aut(F,)) =1 for n > 1.

However, groups with infinite height abound among infinite groups; for instance,
the infinite dihedral group Do, = (a, bla?,b?) has an outer automorphism exchang-
ing a and b; and Aut Doy = Do, 80 T(Dso) > w. J. Hulse showed in [I9] that
centerless polycyclic groups have countable height (though not necessarily w). He
showed that D, has height w + 1, by computing its automorphism tower. It can
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be described using subgroups of GL(2,Z[1]) as follows:

1 L7
2« for o < w,
0 =+£1
1 z[}
Aut®(Dy) = 0 ii} for o = w,
1 z[:
3] for a > w.
0 +27

The well-definedness of the height of a centerless group is a result of S. Thomas:

Theorem 2.1 ([35]). Let G be a centerless group. Then there exists an ordinal o,
less than the successor of 2!1C1, such that Aut®(G) = Aut®™(G).
Furthermore, for any ordinal « there exists a centerless group G with 7(G) = a.

(This last statement was later improved by Just, Shelah and Thomas [20].)

If G has a non-trivial center, more care is needed, since the Aut®(G) no longer
form a nested tower. In the definition of Aut®(G), one replaces the union by a
directed limit. J. Hamkins proved in [I7] that all groups G have a well-defined
height, by actually showing that Aut®(G) is centerless for some ordinal a. Note
that for groups possibly with non-trivial center there is no explicit bound on the
height of the tower as a function of |G|, as in Theorem 211

The considerations we make for the tower of automorphisms also apply to Lie
algebras, if “automorphism group” is replaced by “algebra of derivations”.

We cannot resist the temptation of repeating the main steps of the proof of
Theorem 2.1 since they show a strong relation to groups acting on rooted trees:

Proof of Theorem 1l (Sketch). Define inductively the groups W, for ordinals «,
by Wo = Z/2; Woy1 = Wo 1 (Z/2), in which W, embeds as W, x 1; and for limit
ordinals o, Wo = Uz, Wp-

If « is of the form 1+ 3, then the normalizer tower of Wy in W, stabilizes after
exactly [ steps.

By a result of Fried and Kolldr [I1], there exists a (usually non-Galois) field K
whose automorphism group is Ws. Then consider the group G = PGLy(K) x W,
The automorphism tower of G parallels the normalizer tower of Wy in Wy, in that
Aut”(G) = PGL3(K) x Norm} . (Wp) for all . It follows that the automorphism
tower of GG stabilizes after « steps. ([l

There are still many open questions in the topic of group automorphisms, and
in particular, as to how large the automorphism group can be.

Let us mention that there are finitely presented groups with an infinitely gener-
ated automorphism group (see for instance [23]), where the group (Z[$] x Z[3]) x Z*
is shown to have that property for an appropriate action of Z?; see also [25]. The
groups &, I' that we consider in this paper also have the property of being finitely
generated torsion groups but having an infinitely generated outer automorphism
group; however, they are not finitely presented [24] [33].

2.1. Structure of the paper. In Section [3 we recall standard notation for groups
acting on rooted trees. We also recall results by Y. Lavreniuk and V. Nekrashevych
showing that, under certain conditions often satisfied in practice, the terms of the
automorphism tower act on the same tree as the original group.
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In Section[d we study in some detail the automorphism tower of “layered” groups
of isometries of the binary tree, and compute these towers for certain concrete
examples.

In Section[B] we study the automorphism tower of the group I" determined in [16],
and of its kin the groups I',T" studied in [2]. The last group I' was first studied
n [I0]. The main result is that, for the groups I and I, the tower terminates after
two steps, i.e. they have height 2.

Finally, in Section [l we study the automorphism tower of the Grigorchuk group
& acting on 7 = {1,2}*, and describe the terms of the tower by their action on
same tree 7. The last term of the tower is shown to be the smallest layered group
containing &.

2.2. Notation. We say that H is characteristic in G, written H<G, if H® = H
for all ¢ € Aut(G). If G is centerless, we identify G with Inn(G), and then H<G
if and only if H < Aut(G). We then say that H is absolutely characteristic in G if
H aAut™(G) for all ordinals «.

We write N : @Q for a split extension of N by @, and N - Q for an non-split
extension.

As usual, we write [a, b] for the commutator a=1b~1ab, and a® = b~ab for the
conjugation action.

3. GROUPS ACTING ON TREES

Let X = {1,...,d} be an alphabet with d > 2 elements. The rooted tree T
on X has as its set of vertices the free monoid X*, namely the set of finite words
T1...Tn, with z; € X for all i. The tree structure is obtained by connecting
Z1...%p 10 1 ... xpxneq for all choices of z; € X; there is a distinguished root
vertez (), the empty word. The level of the vertex v = z1...x, is [v| = n. All
vertices of level n form the nth layer X™ of 7.

The boundary 97 of 7 is naturally the set X of infinite sequences over X.
Given a ray v = x1x2 -+ € 97, we denote by v,, the truncation x ...xz,.

For v € T of length n, we denote by v7 the subtree of 7 spanned by all vertices
vw with w € 7. Abstractly, it is a tree rooted at v, isomorphic to 7.

Let Sym(X) be the symmetric group on X. It acts naturally on 7 by

(1) (x122 ... 2p)7 = xJ20. .. Ty,

and we will always identify Sym(X) with its image in Aut7.

Let W denote the isomorphism group of 7. To avoid confusion with the automor-
phism group of W itself or of its subgroups, elements of W will be called isometries.
Given g € G, there is 0, € Sym(X) such that ga;l fixes the vertices of the first
level of 7; then restriction to subtrees x7 for all x € X gives states gQx € W,
for all x € X. Conversely, states g@x and o, € Sym(X) can be assembled to give
g € W. We therefore have a wreath product structure

W =W ix Sym(X), g+~ (¢@Ql,...,gQd)g,.

This process can be iterated; for n € N, v € X™ and g € W we write gQu as the
state of g at vertex v, and "o, the permutation action of g on X". In other words,
gQ@u denotes the action g does on the subtree v7 before vertex v is moved by "o,.

There is a dual construction: for v € 7 and g € W we write v x g the isometry
of 7 that acts as g on v7 and fixes all other vertices. We then have the simple
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Lemma 3.1. @Q is a right action of X* on W, and * is a left action: for all
g,h € W and v,w € X* we have

(g@v)Qw = g@(vw), vk (w*g) = (vw) * g,
(gh)@u = (9@Quv)(h@v?), v (gh) = (v g)(v*h),
g = (vxg)Qu, g= < H v * (g@v)) "og,
veXT

where the v x (gQu) mutually commute when v ranges over the nth layer X™.

We also define a variant of the x-action by defining isometries Zg for Z €
{4, vAa}:

Definition 3.2. For g € Aut7, we define

Ag:(Q?"'?g)J v:(17"'717g7gil)7 49:(17"'7179):(:]*97

where a tuple (g1, ..., gq) designates an element h € Aut7 fixing the first level of
7T and satisfying h@Qi = g;.

For H < Aut7 and Z € {A,~7,}, we define ZH as {Zh|h € H}. We also let
X H denote the subgroup H X --- x H generated by {ixh|i€ X,h € H}.

We will be concerned with various classes of groups which emerged in recent
years as important subgroups of W. The vertex stabilizer Stabg(v) is the subgroup
of G fixing v € 7. We make the following definitions: a subgroup G of W is

level-transitive: if G acts transitively on X" for all n € N;

weakly recurrent: if it is level-transitive, and Stabg(z)@Qx < G for all © €
X

recurrent: if it is level-transitive, and Stabg(z)@Qx = G for all z € X;

saturated: if G contains for all n € N a characteristic subgroup H,, fixing
X™ such that H,Qu is level-transitive for all v € X™;

weakly branch: if G is level-transitive, and (v * G) NG is non-trivial for all
veT;

weakly regular branch: if GG is level-transitive, and has a non-trivial normal
subgroup K with z « K < K for all z € X;

branch: if G is level-transitive, and ((v*G)NG : v € X™) has finite index in
G for all n € N;

regular branch: if G is level-transitive, and has a finite-index normal sub-
group K with z « K < K for all z € X;

pre-layered: if x « G < G for all x € X

layered: if G is level-transitive and pre-layered.

The subgroup Ristg(v) = v+ G N G is called the rigid stabilizer of v € T. The
layered closure of G is the subgroup G, = (v G : v € T) of W. The closure of G
is its topological closure G as a subgroup of W; one has

@z{gEW

for all n € N there are ¢ € G with g,(L") = gn}.

The topological closure of a layered group is always W.

The pointwise stabilizer in G of the nth layer of T is written Stabg(n). Clearly
G/ Stabg(n) is the permutation group on X™ generated by {g.|g € G}.

Note that in a weakly branch group all rigid stabilizers are actually infinite.
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Clearly “layered” implies “regular branch”, which implies “branch” and “weakly
regular branch”, each of which imply “weakly branch”.

The finitary group F < W is defined as the layered closure of Sym(X). It is a
locally finite, countable subgroup of W, and hence is a minimal layered subgroup.
Every layered group contains F'.

Fix an isometry g € W. The activity of g at v € T is 0ga, € Sym(X). The
portrait of g is the activity map 7 — Sym(X), v +— o4av; there is a bijection
between W and the set of portraits.

Consider finite-state automata with input alphabet X and states labelled by
Sym(X). The set of portraits defined by such automata defines the group R of
finite-state isometries of 7. Our main examples of groups, and their automorphism
groups, are subgroups of R. .

For a subgroup A of Sym(X), consider the subgroup A, of W consisting of
those elements whose activity at any vertex is in A. If A is transitive on X, the
resulting group A, is layered. In particular, if A = ((1,2,...,d)) and d is prime,
then C' = ;1: is a pro-d-Sylow of W. It consists of all tree isometries whose action
below any vertex belongs to A.

Lemma 3.3. Let G be any group acting on T = X*. Then the set of pre-layered
subgroups of G forms a lattice of groups, closed under taking verbal subgroups.

Proof. If H, K are pre-layered subgroups of G, then for any ¢ € H N K we have
x+xg € HNK, and for any g = h1ky ... h,k, € (H,K) we have z x g € (H, K) by
Lemma B.11

Finally, for any W € F(Xy,...,X,,) we set W(H) = {W(hq,...,hy,)|h; € H}.
Given g = W(hy,...,h,) € W(H), we have x xg = W (z * hy,...,zxh,) € W(H),
so W(H) is pre-layered. O

Lemma 3.4. If L is a layered group acting onT = X*, then there exists a transitive
subgroup A of Sym(X) such that L = L A.

Proof. Let A be the quotient of L obtained by restricting the action of L to X C X*.
Since x * L < L for all z € X, and Staby (1) < L, we have 1 — Staby (1) = LX —
L — A — 1. Furthermore, every a € A has a lift (¢1,...,44)a € L, and since
(l1,...,44) € L we have (1,...,1)a € L, defining a splitting of A in L. O

Proposition 3.5 (R. Moller [26], [Proposition 4). If L is layered and K < L is a
non-trivial normal subgroup, then K contains Stabr,(n)" for some n € N.
Therefore every quotient of L is abelian by finite.

Assume now that G is generated by a symmetric set S. This induces a metric
on G, defined by

(2) llg] = min{n|g=s1...s, with s, € S}.

The group G is contracting if there exist constants < 1 and K such that ||gQz|| <
nllgll + K for all g € Stabg(1) and z € X B

3 A more general notion is usually used [3], namely that there exists n < 1, n € N and K such
that ||gQul|| < n™||g|| + K for all g € G and u € X™. This notion becomes then independent of
the choice of the generating set S, and there is furthermore an optimal 7, which does not depend
on S either.
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3.1. Automorphisms and isometries. The following lemma is folklore:

Lemma 3.6. Let G be a weakly branch group. Then the centralizer Centy (G) is
trivial, and all conjugacy classes of G, except {1}, are infinite.

Proof. Let a € W be non-trivial; then a moves a point v € 7. Now choose any
non-trivial g € Ristg(v); then [a, g] # 1, since it acts similarly to g on v7.
Consider now a non-trivial g € G. It moves a point v € 7, hence its centralizer
Centg(g) intersects trivially Ristg(v), which is infinite, so Centg(g) has infinite
index in G and ¢% is infinite. O

In [21], Y. Lavreniuk and V. Nekrashevych prove

Theorem 3.7. Let G act on T, and suppose G is weakly branch. Then
NormHomeo(aT) (G) = AUt(G)
Assume moreover that G is saturated. Then
Normy (G) = Aut(G).

Sketch of the proof. The first step is to show that for any ¢ € Aut(G) and v € T
there is w € T with Ristg(v)? > Ristg(w).

Taking the shortest such w induces a continuous map on the boundary 97, which
sends v to w.

If G is saturated, then |w| = |v|, so this map is at each level of the tree a
permutation of its vertices. Since W is compact, there is a convergent subsequence
of these permutations, which converges to a tree isometry. ([l

The proof is in fact essentially model-theoretic; see [31]. Indeed it amounts to
showing that the algebraic structure of a saturated weakly branch group is sufficient
to reconstruct its action on 7.

Lemma 3.8. Let G be a layered group acting on the binary tree. Then G is
saturated.

Proof. Define inductively Hy = G and H,,+1 = Us(H,,), the subgroup of H,, gen-
erated by the squares of its elements. Then clearly H,, is characteristic in G for all
n, and since G is layered, H,, contains for all g € G the element

2"1
(- (g, )77, 1)) =(g,---,9)
with 2™ copies of g; therefore H,, fixes X" and acts transitively on every subtree at
level n. O

Lemma 3.9. Let G be a group acting on the binary tree. If G contains a weakly
branch group, then G is weakly branch.

If G contains a subgroup H such that (G2)™(H) acts transitively on every subtree
at level n, for all n € N, then G is saturated.

Proof. The first statement follows directly from the definition: if G contains the
weakly branch subgroup H, then (v«H)NH # 1forallv € 7, and hence (v+G)NG #
1forallveT.

For the second statement, (U3)"(G) fixes X™, and also acts transitively on every
subtree at level n. (]

Proposition 3.10. The groups F' and W are layered and saturated.
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Proof. Branchness is clear, since we have Risty (v) = v« W and Ristp(v) = v % F.
To prove saturatedness, we invoke Theorem [B.11} indeed choose x € X and write
W = Ristyy (7) ix Sym(X); then H;<W may be chosen to be its base group WX.
Inductively, let K be the copy of H,,_1 inside Risty (z) =  * W; then H,, <W may
be chosen as KX, characteristic in W% which is itself characteristic in W.
The same argument applies to F. O

Wreath products exhibit a form of rigidity which was already noted indepen-
dently by a number of authors:

Theorem 3.11 (P. Neumann, [27]; Y. Bodnarchuk, [5]; P. Lentoudis and J. Tits,
[22]). If A, B are non-trivial groups with B acting on a set X, then the base group
AX is characteristic in the wreath product Alx B, unless A = 7./2 and B has an
abelian subgroup By of index 2 containing unique square roots of its elements.

Furthermore, in some specific examples, a strengthening of this rigidity has been
obtained: in essence, not only are all group isomorphisms induced by a tree isomor-
phism, but moreover there is a unique minimal tree carrying the group’s action.
R. Grigorchuk and J. S. Wilson showed that if G is a branch group acting on a
group 7 satisfying two technical conditions, and if G also acts on another tree 7'
as a branch group, then the actions on 7 and 7" are intertwined by map 7" — T
defined by the erasing of some levels in 7.

In contrast, finite groups behave in a manner very different from the groups we
are interested in:

Theorem 3.12. If the finite group G acts on T, then Centy (G) is uncountable.

Proof. For simplicity we prove the result only for 7 the binary tree {1,2}*. We
proceed by induction, first on |G|, and then on the smallest level at which a non-
trivial activity occurs, i.e. the first k such that G is not a subset of Staby (k).

If |G| = 1, then Centyy(G) = W and we are done. If G < Staby/ (1), then
consider the projections Hy, H, of G defined by restriction to the respective subtrees
rooted at level 1. These are finite groups, of size at most |G|, and at least one of
Hiy, Hy, say Hi, has already been covered by induction; therefore Centyy (G) contains
Centy (Hy) x {1} and is uncountable.

We may therefore assume that G contains an element g = (g1, ¢g2)0; also let H
be the projection of Stabg(1) on the subtree rooted at 1. Set Z = Centw (H); by
induction, Z is uncountable. Furthermore, Stabg (1) < H x H% ", so the centralizer
of Stabg (1) contains Z x Z9%

The centralizer of g contains all elements (z,zgfl) with z € Centy (g192); and
since g2 = (9192, g291) € Stabg(1), we see that Centy (G) contains all (z,zgz_l) for
z € Z; therefore Centyy (G) is uncountable. O

Also consider the following example of a group with uncountable normalizer: let
U be an infinite minimal connecting set of vertices of the tree 7, i.e. a subset of 7’s
vertices that intersects any infinite ray. For every uw € U, let H(u) be a subgroup
of Aut(7). Let G be the group generated by all u x H(u), with u ranging over U.
Then G is isomorphic to the direct sum of the H(u)’s, and the normalizer of G in
W contains the cartesian product of the H(u)’s.

Let us finally note a result related to Theorem 3.7 and expressed in terms of
commensurators: an almost automorphism of G is an automorphism between two
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finite-index subgroups of G. Two almost automorphisms are equivalent if they agree
on a finite-index subgroup of G. The set of equivalence classes of almost automor-
phisms carries a natural group structure, and is called the abstract commensurator
of G.

On the other hand, if G is a subgroup of K, then the commensurator of G in K
is {ke K|[G:GNG*] <00, [GF: GNG*] < o0} .

Theorem 3.13 (C. Rover, [30]). The abstract commensurator of a weakly branch
group G acting on T is isomorphic to the commensurator of G in Homeo(9T).

3.2. The automorphism tower. Our first purpose is, given a suitable G, to
identify a group G, that is much smaller than W (i.e., for instance, is countable),
but still is large enough to contain the whole automorphism tower of G. This could
be interpreted as a strengthening of Theorem 3.7

For any n € Nset G, = (v+G : v € T,jv| < n), and Gx = J,,>0Gn- The
following is immediate: B

Lemma 3.14. Assume G is weakly branch and recurrent. Then G, is weakly
branch for all n, and the G,, form an ascending tower. Its limit G, is layered, and
is the smallest layered group containing G. If G is countable, then so is G.

Theorem 3.15. If G is a finitely generated group with a recurrent, saturated, and
weakly branch action on T, and if G satisfies G, = |, .y Norm™(G), then G, is
complete; in other words, G has height at most w.

neN

We remark that the condition G« = |J,,cy Norm™(G) implies that for all n € N
there are k,¢ € N such that X*G < Norm™(G) < (x‘G)(’Cy), since G is finitely
generated.

Proof. Take ¢ € Aut(G.). Then by Theorem [B7] we have ¢ € Aut7, and similarly
W = ¢! € Aut7. Since by definition G is finitely generated, there exists n € N
such that ¢(G) < Norm™(G) and ¥(G) < Norm™(G).

Since G = U, ey Gm, there is also an m € N such that ¢(G) < Gy, and
W(G) < G-

Let u,...,v be all the vertices on level m of 7, and let us decompose ¢ =
(bus---sPp)o and ¥ = (y,...,,)0" . Since G is recurrent, for any g € G
there exists a ¢ € G with level-m decomposition (g,*,...,%). Then (¢)¢ =
(g%, *,...,%)° belongs to G, and therefore ¢, induces by conjugation an endo-
morphism of G.

Then (g, *,...,%) = ¢ = ¢(g") = (du(*),%,...,%), and therefore ¢,(G) = G,
80 ¢, induces an automorphism of G. We have shown Aut(G.) < (Aut(G)F), =
G.. O

4. LAYERED GROUPS

We describe in this section the automorphism tower of a layered group L acting
on the binary tree 7 = X* with X = {1,2}; recall that such a group has a
decomposition L = (L x L) x (o), where o denotes the transposition of the top two
branches of the binary tree.

Denote Aut(L) by A. By Lemma [B8 and Theorem B7] every automorphism
a of L acts on the binary tree, and therefore we have A < (W x W) x (o).
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Then, given a = (a1, a2)0" € A, we have (¢,1)* = (£*,1)°" € L, and simi-
larly (1,)* € Lso a; € Aforalli € X and A < (A x A) x (o). Furthermore,
o =o' (ay'al,a;tax)o? € L, so a; 'y € Land A < (A x 1)L. In other words,
« can be written as a (possibly infinite) product

Q= (1"%0,) (1% )0,

for some ¢,, € L. On the other hand, such a product defines an endomorphism (but
not necessarily an automorphism) of L, by conjugation.

Note also that « is a finite state provided the sequence (£,,) is ultimately periodic
(see [7]). That same paper shows that, for F' the finitary group, Aut(F') contains a
copy of W and is therefore uncountable.

We mention in passing another proof that Aut(F') is uncountable: recall that an
automorphism ¢ of a group G is locally inner if ¢|x is inner for every finite X C G.
Let Linn(G) denote the group of locally inner automorphisms of G.

Proposition 4.1 ([18], page 37). Let G be a countably infinite, locally finite group,
and suppose that Centg(F) is not central in G, for all finite subgroups F of G.
Then |Linn(G)| = 2%o.

It is, however, unknown whether | Aut(G)| = 2%° for all countably infinite, locally
finite groups G.
Definition 4.2. For a layered group L, we write Aut’(L) for the i-th term in the
automorphism tower of L. For groups K < G, we write

QG,K) ={veGv’e K and [G,v] < K}.

We shall be concerned, in this section, with groups G < W that admit a decom-
position
(3) G = (xU){o)(AS),
where U<S is maximal, and G contains a fixed layered group L. By Theorem B we

have Aut G = Normy, (G) =: Norm G. The form (@) is preserved by some important
operations, namely if G = (XU)(o)(AS) and H = (XV){0)(AT), then

GNH=(x{UnNV){o)(ASNT)),
(Lemma [A.6]) QG H) = (X{UNQS, V) (o) (AQ(S,T))),
(Theorem [£.4) Norm(G) = (XQ(S,U))(o)(A(Norm U N Norm S)).
Lemma 4.3. Consider a group H = (X K){c). Then
Norm(H) = (X K)(o)(A Norm(K)),

where X K is the largest geometrically decomposable subgroup of Norm(H) and
A Norm(K) is the largest diagonal subgroup of Norm(H).

Proof. Choose o = (ay,az)o € Norm(H). Then (a1, a2) € Norm(H), and ay, ap €
Norm(K). Thus, a € X Norm(K)(s) and [(a1,0a2),0] = (a7 'az, a5 'ar) € XK.
Therefore, ag = aik for some k € K; that is, a = (a1,1k)0®. Since Aa; €
Norm(H) for all a3 € Norm(K), the decomposition

Norm(H) = (X K){o)(A Norm(K))

follows.
The rest of the assertions are easy. O
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Theorem 4.4. Consider R = (XU){(c)(AS), where U is a normal subgroup of S.
Then

Norm(R) = (XV){o)(AT),

where V.= Q(S,U) and T = Norm(U) N Norm(.S).
Furthermore, V is a normal subgroup of T, [X
group V/U is a T/S-module, and

Norm(R)/R = (V/U)(T/S).

Proof. First, it is clear that V is a normal subgroup of 7" and that XV normalizes
both XU and AS.

Choose (v,1) € XV; then [(v,1),0] = (v"1v) = (v72,1)(v,v), where by the
definition of V we have v™2 € U and (v,v) € AS. Therefore XV < Norm(R).
Easily, AT < Norm(R).

Next choose 3 € Norm(R). Then we may assume (3 = (1, 82). As XU is normal
in R, we conclude that £, 5, € Norm(U) and commutation with AS shows that
01, B2 € Norm(US) = Norm(S). Thus, 1,0, € T and

Norm(R) < (XT'){(o).

Now, of = (ﬂflﬂz,ﬁglﬂl)a = (u1s,uzs)o for some uj,uy € U;s € S. Since
02 =1, we have ups = (u1s)~! = u; ®s~1, and therefore

2= Uy - u; ® €U, B> = Pruss.

Thus, 8 = (AB1)(1,u1s) with 81 € T. Since we have already shown AT <
Norm(R), and as 1 x U < R, we may assume § = (1,u15), and as 1 x U < R we
may assume further that 5 = (1,s). Now, [AS,5] =1 x [S,s] < R and therefore
[S,s] <U. Hence, s € Q(S,U) =V and Norm(R) = (XV){o)(AT).

We then have

V,R] < (XU)(AV), the quotient

[XV, R] = [XV, XU][xV, AS(0)]
= (X[V.UN(X[V, SD{(v™",v)[ve V}
< (XU)(AV),
since [V, 9], (V2,1) < U. We observe the following facts:
(AT)NR=(AT)N(AUS))=ATNS)=AS,
(xV){o)) N R = (XU)(AV)(0),
V/U is a T-module and the kernel of the action contains S.

Finally, let W be a transversal of U in V and let X be a transversal of S in T
Then (W x 1)(AX) is a transversal of R in Norm(R), and hence Norm(R)/R =
(V/U)(T/S). 0

Remark 4.5. Suppose Norm(S) = S. Then
Norm®(R) = (xU;) (o) (AS),

where Uy = U and U; = Q(S,U;—1). The subgroups U; form a hypercentral series
of S with respect to U.
In particular, if S is finitely generated, then Norm“(R) = Norm*“*!(R), because

lettlng Uw = UnGN Un we have Q(S’ Uw) = U"J'
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Norm(.S3) Norm(Us) Us

e

Ny = Norm(.S) Norm(Us)

FIGURE 1. Some groups appearing in Theorem [£.7]

Lemma 4.6. Consider G = (XU)(0)(AS), and let H = (XV){0)(AT) be a
normal subgroup of G. Then

QG H) = (x(UNQS,M))(o)(AQ(S,T)).
Proof. By assumption we have V4§, T<S, U< S, VT, and U < Q(T,V).

Set Q@ = Q(G, H). First, consider y = (z,1) with z € UNQ(S, V). Then 2 € V
and [2,5] CV soy? € H and [y,G] € H, so y € Q. Conversely, if y = (1,2) € Q,
then [y,G] € H, [y,0] € H and y? € H imply x € UNQ(S, V).

Next consider y = (z,z) with z € Q(S,T). Then 22 € T and [z,5] C T so
y?> € H and [y,G] € H, so y € Q. Conversely, if y = (z,7) € Q, then [y,G] € H
and y? € H imply = € Q(S,T). O

Theorem 4.7. Let L be a layered group, L = (x L){(c) and let (N; = Norm*(L));>o
be the normalizer tower of L. Then we have the equations (see Figure[ll)

No=Uy=So =L,
Ni = (xXUi)(0)(AS;),
Ui = Q(Si—1,U;—1),
S; = Norm(U;—1) N Norm(S;_1).
For 1 <14 <4, the description of N; by the pair (U;, S;) is as follows:
Uy = (XL){o) =L, S1=Ni;
Us = (X L){0)(AU), Sy = Ny;
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Us = (XL){o)(AUs), S3 = (XUs){c)(ANy) = Ny;
Uy = (xXU2){0)(AQ(N1,Us)), Sy = (XQUs, U1)){o)(ANy).
Furthermore, the outer-normalizer groups are
Ny /Ny =2 Us /Uy,
N3 /N3 = (Us/Uz)(N2/N1),
Ny /N3 = (Us/Us)(Q2(Us, L)/ Uz)(N2/N1),
where U;1/U; and Q(Us, L) /Uy are elementary abelian 2-groups.

Proof. Since L = (XL){c)(AL), the general form of the normalizer subgroups
Norm'(L) = (xXU;){c)(AS;) is determined by Theorem 4l We compute for i < 4:

i=1. We have Ny = (XU;){c)(ASy), with U; = Q(L,L) = L = Uy and S; =
Norm(L) N Norm(L) = Norm(L) = N;. We do not obtain any information about
the outer-normalizer group N /Ny, since

Nl/NO = (Ul/Uo)(Sl/So) = SI/SO = Nl/No.

i=2. FiI‘St, Ng = (XU2)<O'>(ASQ), with U2 = Q(Nl,Ul) and SQ = Norm(Ul) N
Norm(St).

Second, Sy = Norm(L) N Norm(N;) = Ny N Ny = Ny.

Third, Ng = L = L(AL) < Uy = Q(N,,U;) < Ny = L(AN;). By Lemma L6
Us = L(AW), with W = Q(N1, No) = Q(Ny,Uy) = Uy; therefore,

Uy = L(AD,) = Uy (AU).

Fourth, Norm(Uz) = (XV){(o)(AY), with V. = Q(Us,U;) = Uy and ¥ =
Norm(U;) N Norm(Us) = N1 N Norm(Us) = Ny, and therefore No = Norm(Us).
Finally, No/N; 2 (U3 /U1)(S2/S1) = U2 /Uy, an elementary abelian 2-group.

i=3. First, N3 = (XU3)<0’>(AS3), with Us = Q(S2,U2) and S3 = Norm(Ug) N
Norm(Ss).

Second, S5 = Na N Norm(S3) = N».

Thil”d7 U3 = Q(Nl,Ug) and L(AUQ) S U3 S N1 = L(ANl), SO Ug = L(AW)
where W = Q(Ny,Us) = Us; and hence, Uy = L(AUs).

Finally, N3/Ny = (Us/U3)(S3/S2) = (Us/Us)(N2/Ny) where, as we had shown,
No /Ny = Us /U,

i=4. First, Ny = (XU4)<0’>(AS4), with Uy = Q(S3,U3) = Q(NQ,U?,) and Sy =
Norm(Us) N Norm(Ss).

Second, Sy = Norm(Usz) N Norm(N3) = Norm(Us) N N3.

Third, from Us = (X L)(0)(AUs) we find

Norm(Us) = (XxW){a)(A(Norm(L) N Norm(Us))),

with W = Q(Us, L). Then Norm(L)NNorm(Us) = NaNNorm(Us) = S3NNorm(Us) =
Ny, and Norm(Us) = (XW)(0)(ANz). Since W = Q(Us, L) < Uz = Q(Ny, L), we
conclude Norm(Us) < Nj3; and hence, Sy = Norm(Us).

Fourth, Uy = Q(Ns,Us). Since

Uz = (XL)<O’>(AU3) < Uy < Ny = (XU2)<(T>(AN1)

and (XUQ) < Q(NQ,UQ) < Q(NQ,Ug), we have (XUQ)<O’>(AU3) < Uy < Ny =
(XUsz){o)(AN7). Asin the previous case, Uy =(XUsz){c)(AV), with V =Q(Ny, Us).
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Finally, N4/N3 = (U4/U3)(S4/Sg), and
S1/83 =Norm(Us)/Na = ((xW){0) (AN2))/((xUz) (o) (AN1))
=(W/Us)(N2/Ny).
O

It was shown in [34] that, up to conjugation, the maximal 2-subgroups M of
Aut(7) can be of two types. First, subgroups of the form M = M; x Ms, where
My, My are two non-conjugate maximal 2-subgroups of Aut(7). The second type
consists of layered groups M = (M x M){o).

Corollary 4.8. Suppose L is a mazimal 2-subgroup of Aut(7T) which is layered.
Then No(L) = Ni(L), i.e. L has height at most 2.

We now proceed towards the proof of Theorem [I.3]

Lemma 4.9. Let L be a layered group. Then for every i € N we have RistAuti(L)(w)
=L for allw € T with |w| > i. '
The subgroup X'L is characteristic in Aut'(L).

Proof. For i = 0 the assertions are clear, while for ¢ = 1 they follow from Lemma L3l
We then prove both claims simultaneously by induction.

Assume that Rista, () (w) = L for all w € T with |w| >4, and x'L< Aut’(L).
It follows from Theorem [B77 that xT'L is characteristic in Aut’(L), and from
Lemma (3] we have Ristai+1(r)(w) < Aut(L) as soon as [w| > 4. Therefore
Ristayi+1(n)(wz) < Ristaw(ry(z) < L for all x € T, and Ristayit1(g)(w) = L as
soon as |w| > i+ 1.

Then, again by Theorem B xT'L < AutiH(L), because the product of all
rigid stabilisers on a level of the tree is always characteristic. O

Lemma 4.10. Let L be a layered group, and set N = Aut(L). Then Aut'(L) <
N (¥~1Cy) for alli € N.

Proof. By Theorem 3.7, the terms N; of the automorphism tower of L are subgroups
of W. By Lemma 9] the rigid stabilisers at level ¢ in 7 are all L. Given « €
Aut™™ (L), we decompose it i times as o = (au,, ..., )T with o, € W for all
w € T of length 4, and 7 € 1*Cs.

Since a normalizes Aut’(L), each v, must normalize Ristayi(z)(u) = L, so ay, €
N. O

Proof of Theorem[L3 The first part follows directly from Lemma £T0l

For the second part, Theorem EA4 tells us how to compute Norm ™' (L) from
Norm‘(L). It remains to check that, given Norm’ = (xU;)(o)(AS;) with Uy, S; €
C, we have U;;1 and S;y; € C. This is clealy true for U,;1, and for S;;; the
computations of Theorem .7 show that it holds for S;14 if i < 3.

Then consider ¢ > 4, and the group U; € C. By Lemma [£.9] we may write

vi=| TI zcz|@wo).

Ze{x, A}t

and we have Gy: = L. The recursive computation of Norm U;, following Theo-
rem [4.4] asks us to compute Norm(Gy:) = N and its intersection with some of the
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Norm(G z); for this last step it suffices to compute Normy (G ) and take intersec-
tions, all operations that leave elements of C.
The same argument applies to Normy, (S;) = Sit1. O

We next construct within W a family of layered subgroups of arbitrary height
n € N. Set

L, = <’Yn(W)’F>a
where 7, (W) is the nth term in the lower central series of W.

Theorem 4.11. L, is a layered group of height n —1; we have Aut™ (L) = Ly—m
forallme {0,...,n—1}.

Proof. We note that L,, is layered by Lemma

We recall the following facts from [4]: the quotient ~; (W) /711 (W) is isomorphic
to the Z/2-module {f : N — Z/2}, and maps to ;11 (W) /vit2(W) with finite kernel
and co-kernel by commutation with 4", where 2%||i.

It suffices to check Norm L1 = L,, for all n € N. First, [Ly, Lyy1] < Lp41 be-
cause [Yo(W), F] < ~4p1(W) and [vn(W), Ynt1(W)] < ~nt1(W); therefore
Norm L,,+1 > L.

Second, given g € L, there exists i < n with ¢ € L; \ L;y;. Then by [4]
there exists f € F with [g, f] € Lit2, so in particular [g, f] € L1 and g &
Norm L, ;1. O

4.1. The dihedral, affine and cardioid group. Here we compute the automor-
phism and normalizer tower of three examples; the first two are not layered, while
the third one is. We start by fixing some common notation. Consider the adding
machine 7 = (1, 7)o acting on the binary tree 7 = {1,2}*. It generates an infinite
cyclic group. Also consider the order-2 isometry d of 7, defined by d = (6,0)o.

Theorem 4.12. The group H = (1, ) is infinite dihedral, and satisfies Normy, (H)
=H.

Proof. We have § = u_y7~ !, and therefore 7 = 7= and H is infinite dihedral.
Then Aut(H) is also dihedral, generated by H and a new element v satisfying
v? =7 and v° = v~!. We have [Aut(H) : H] = 2.
However, there exists no tree isometry g satisfying g> = 7; therefore Norm(H) =
H and the tower of H strictly contains the normalizer tower. O

Note that H is a finitely generated solvable group with Norm(H) countable.
In contrast, if B is an abelian or finite 2-subgroup of Aut7, then Centau7(B) is
uncountable.

Next consider the topological closure of (7). It is T = {7% |z € Zs} = Zo, the
triangular group. Concretely, 7® can be defined as

i (72, 7%/2) if z € 2Zs,
T p—
(r@=D/2 7@AD/2)g  if g € 27y + 1.
Also consider the group U = {u, |z € Z$} = 73, the unitary group, where
Uy = (UamU;cT(Iil)/Q)'

Finally set A =TU, the affine group. The element 7%u, can be represented by the

matrix (§ ) over Zs.
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Theorem 4.13. We have
Normy, (T) = A, Normy, (A) = A.

Proof. We first note that Centy (T) = T. If a € W fixes 7, write a = (g, a2)o’.
Then 7@ = o%(ay ‘oz, a; '1ay)o' ™" = (1,7)0, so either i = 0, a; = ay € Centyy (1)
ori=1,a; = apr~! € Centy(7); so in all cases, a € T. Since T has (1) as a dense
subgroup, the claim follows.

Now since W acts continuously on itself by conjugation, any a € Normy, (T
is determined by its value on 7, and a simple computation shows that 7%= = 77,
proving the first equality.

Next, T is a Normyy (A)-invariant subgroup of A, since it can be defined as the
set of fixed-point-free permutations of A; therefore any a € Normy (A) is again
determined by its value on 7, and the second equality follows. (I

However, the automorphism tower of T' grows higher: even restricting to contin-
uous automorphisms, we have Aut”(A) = 557y x Z3 = A, Aut”(A) = Q2 x Z3, and
Aut“TH(A) = Aut“T?(A) = Q, x Q.

Our last example is the group G = (F|, ), where F' denotes the “finitary group”
generated by {1" xo|n € N}. We call G the Cardioid group; its name derives
from the “monodromy construction” of V. Nekrashevych [3], when applied to the
polynomial f(z) = 22 + ¢, with € in the Mandelbrot set’s main cardioid. We briefly
summarize its construction: let M be the Riemann surface C\ {f"(€)},>0, and let
My = M\ {0} be an open subsurface of M. Then f defines a 2-fold covering from
My to M. Let t € M be an arbitrary point, and let 7 =| | -, f~"(t) x {n} be the
disjoint union of all preimages of t. It naturally has the structure of a binary tree,
with edges connecting (z,n + 1) to (f(z),n). We let 71 (M,t) act by monodromy
(path lifting) on 7, and denote by IMG(f) the quotient of 71(M,t) by the kernel
of the action.

It can be shown that G = IMG(f). Indeed m(M,t) is free, and as genera-
tors of m (M, t) one may choose a loop around oo, giving 7, and loops encircling

{f™(€)}m>n, giving 1" x 0.
Theorem 4.14. (1) G is a countable layered group, and satisfies
G/G' =Z& (Z/2)~.
(2) Norm(G) = (F,T)D, where D = (0) = Z/2.
(3) Norm*(G) = Norm(G).
Proof. Clearly G is layered, because 70 = (1,7) € G. The abelianization of W

is (Z/2)N, and the image of G in W/W’ is generated by the finite-support and

constant functions. Furthermore, the image of 7 in G/G’ has infinite order, since

72" € G implies T € G’ contradicting the above.

For the second assertion, we first check that T normalizes F'; indeed
o (77212, 7=/ g (77/2 77/2) if x €27, B
o = o(r(1=0)/2 £(=1=2)/2) 5 (r@=1)/2 £ @+D/2)5  if g € 97y + 1 =0,
and then by induction
n— 7o/ :
(1" o) = (1" Ls o)™ 1) fr€2Z _ p
(1, (A" o)™ ™) e e2Zy+1 ‘

Since T clearly centralizes 7, it follows that 7' normalizes G.
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Next, we compute Norm(G) N A = T'D; indeed g% = (7(*=1/2 (r(&=1/2)u)
belongs to G, and therefore (x — 1)/2 € Z, so x € 2Z + 1 is invertible, and x = +1.

Finally, consider an arbitrary a € Norm(G). Since 7¢ € G, we have 7% =
(71, ... 72-2)7 for some permutation 7 of the first n levels of 7. Furthermore
7 is a 2"-cycle, and therefore (72")% = (77,...,77) for some odd j € Z.

On the other hand, since G is layered, we may decompose

a=(b,...,0)(1,91..12,.-,92.2)7

for some g, € G and b € Norm(G). Then 7% = 77, and therefore b € TD, so
a€ FTD.

The last assertion follows from Theorem (4.7 Indeed in that theorem’s notation
Uy = Q(Norm(G),G) = G, since [%d,7Y] = 7%Y ¢ G as soon as y ¢ Z, whence
Uy < FT; and (1%)% ¢ G for x ¢ Z, whence Uy = F(r). Therefore Norm?(G) =
Norm(G)(xUsz) = Norm(G). O

5. THE THREE GROUPS I',I",T' ACTING ON THE TERNARY TREE

We consider in this section groups acting on the ternary tree 7 = X™* with
X ={1,2,3}, that are generated by two elements « and . The 3-cycle z = (1,2, 3)
induces a rigid permutation of the subtrees 17,27 ,37 of 7 as in (. Now choose
i,j € {0,1,2} and consider the element v = (7, %, 27) acting recursively as v, 2%,
on the respective subtrees 17,27 ,37. Up to conjugation by a tree isometry, it is
sufficient to consider such groups with ¢ = 1, and therefore there are at most three
non-isomorphic such groups. These groups are known to be non-isomorphic [2]. We
concentrate here on the first example, the group I" for which v =(y,z,271). It was
first studied in [16].

Recall that a group is just-infinite if it is infinite, but all its proper quotients are
finite. The main properties of I" are:

Theorem 5.1. ' is a just-infinite 3-group, and it is reqular branch: we have >
XTI with T/T 2 (Z/3) x (Z/3) and T"/(I" x IV x I') =2 (Z/3) x (Z/3).

5.1. The original strategy. This section describes the automorphism tower of
the group I, its normalizer in the pro-3-Sylow of W, and sketches similar results
for two related groups acting on the ternary tree. We start by reviewing the strategy
followed by the second author in [32] to compute the automorphism group of I:

(1) Define the ascending series of subgroups I'° = I' and F"+1 =17 (x); all
these groups act level-transitively on 7. Set I'y = (J, 5 I
(2) Observe that Ristp: (1)1 (z) < T' < 'y (z) = T Since I'' /(Risty (1) 2 (z)) is

a finite 3-group, it follows that Normg, (I') > T; check that Normg, (I') =

['((z,x,z)). This procedure is repeated for the pair (Risty " (z), ") for all
n € N, and yields Norm. (I).

(3) Determine 3'-automorphisms of I': produce a Klein 4-group acting simply
on the generating set {z, 2=, v,y '} of I".

(4) The problem is reduced to the description of the IA—automorphismﬂ of T.
Express the IA-automorphisms as (potentially infinite) words in Norm:_ (1).

4I.e. those automorphisms which induce the identity on F/F’
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—

(5) Eliminate the possibility of infinite words (i.e. elements of Normy._ (")) by

using induction on the depth function of T, defined on ¢ as the minimal
level n at which all states g@v belong to {1,z 4*1} for all v € X™.

Theorem 5.2 ([32]). Let t be the transposition (2,3). Set U = (A" (z) : n > 1),
a countably infinite elementary abelian 3-group, and V. = {1,71,7,73}, a Klein
group, where
T1 :A(Tl)t, TQZA(T3)7 T3:A(T2)t.
Then we have a split extension
Aut(D)=T:U:V.
Furthermore V' normalizes U, and acts on it via
An(x)ﬁ :An(x)il, An(x)TZ :An(x)(fl)”’ A" ( )7'3 _An( ) 1)n

Y =1, =571, =57

Theorem 5.3. Set T = (7*""'(z) : n > 0), a countably infinite elementary
abelian 3-group. Then ) )
Aut?(T') = Aut(D) : T.

Furthermore T centralizes U and V'

Aut®(T') = Aut® (D).

Rema(k 5.4. Tt follows from the proof that I" is absolutely characteristic in I, and
Aut?(T") is a subgroup of the commensurator of I.

To simplify the notations, we write A = Aut(I") and B = Aut?(T"). For v € X",
we also write

Stabi(n) = {g € Staby(n) |gQv = 1}.
Lemma 5.5 ([32]). I is a subdirect product of I' x T x ', and factors as
[ = (r x I x r) ([, z], A).
Furthermore, Centyy () is trivial.

Lemma 5.6. A =1:U, and A" =T". Therefore I is characteristic in A.

Proof. The first assertion follows immediately from the fact that the every ele-
ment of the generating set {v, A™(x) :n > 0} of I'U is inverted by 71 or 75. The
second assertion follows from A” = IV[I',U], and [z, A™(z)] = 1, [y, A™(z)] =
([y, A" (x)],1,1) e I, 0

Lemma 5.7. B < (A x A x A){(z, ).

Proof. First, note that A is saturated (the subgroups (v %I : [v| = n) may serve
as H,,) and weakly branch (since it contains I‘) and apply Theorem [B.7] to obtain
B = Normyy (A); these two groups will be identified. As I is B-invariant and
Centyy (I") = {e}, we conclude that B < Aut(I").

Given ¢ € B, it can be written as ¢ = (¢1, ¢o, ¢3)7ia? for some i € {0,1} and
j € o, 1, 2} We conclude that (¢1, ¢, (;53) € B. Now since I" is a subdirect product
of I' x T' x T', we obtain ¢, € Normy (I') for # € X. The conclusion follows. O
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Lemma 5.8 ([32]). Take g€ T'. Then g€ Staby (1) if and only if
g = (cay™a™ "2 ey a™ T ey T ™)
for some ¢u € T' and ny,ng,ns € {0,1,2}. We have
Stabi(1) = (I x I x V) (A9, (1,927, 92), (2,271, 7))
and Stab-lr-(l) = (1 x T x f’) (1, vz~ yz).
Lemma 5.9.

Stab4(1) = Stabs (1)U (72)
and Stably(1) = Stabk(1)((1,7~", 7)),

which is a subdirect product of 1 X I'xT.

Proof. The first statement is clear. Then take ¢ € Stab’(1); we can write

n3z—no nz2—ni

o= (017"13: uv, ey "™ T uw, ez x uv)

for some u € UQ1 = U(x) and v € V. Since c;y™ ™ "2uv = 1, we have n; =
0,c1 = 1,v =1, and u € (z) with 2"~ "2y = 1. Modulo Stab]‘]_:;(].), it suffices to
consider u = z and ny = 2,n3 = 1, leading to (1,771, 7).

The last assertion follows, since the second and third coordinates of ((1, vz =1, vx),
(1,7 ,7)) each equal T". O

Lemma 5.10. Let H be a group such that A < H < (A x A x A){(x)V, and take
¢ € H. Then ¢ can be reduced modulo A to (vi,upva, x°y uzv3).

Proof. Direct. U

Lemma 5.11. Consider ¢ = 7*" 1 (z), forn>0. Then ¢ € B and [UV,¢] = 1.

Proof. To show that ¢ € B it suffices to show [g, ¢] € A for all generators g of A.
First, [z, ¢] = A*" "% (z) and [y, ¢] = [A™(z), ¢] = 1. Then we have
H)e

[7-1’¢] _ v2n+1( ) Tl(b vA2n+1( ) 2n+1(x)71¢ -1
and [r2, ¢ = """ (2) ¢ = VAT (@) T)g = vg”“(x)*lqs =1,
since 7, inverts A% (z) and 7, fixes A2 (z). O

Proof of Theorem[5.3], first part. Take ¢ normalizing A, and write it, using Lemma
BI0 as ¢ = (v1, upva, 'y uzv3). We compute the commutator of ¢ with generators
of A in turn:

interaction with 75:

O = (vl,uzvg,x’nyU3v3)AT3 = (v1,u* v, & "y T utvs),

[r2, 07 = (L [r3,uy ], 2~y [m,u3 ]y 72 ™) € Stably(1).

Therefore [73, u;l] = [r3, u;l] = eand i =7 =0; hence ¢ = (v1, upva, uzvs),
where u,us € Cent(7s); that is, are products of A*"*(z). Now using T
we may reduce ¢ further to the form ¢ = (v, vy, uvs), for some u € U a
product of A" ().
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interaction with 7:

¢ = (v1,v2, uv3) 2T = (v1, vz, 12) 2T = (v, u” w3, V),

[7’1,(,2571] = (vl,u*1v3,v2)(v1,’u2, (uv3)*1) = (1,u*1v3v2,v2v3u71) S Stabi(l).

Therefore u = 1, v, = v3, and ¢ is reduced to the form ¢ = (v, v2, v2).

interaction with x:
[2,67]" = (1, 0001, v102) € Stably(1).

Therefore v; = v,, and ¢ is reduced to ¢ = (v,v,v). If v = 73 we have
¢ =19 € A, so it suffices to consider ¢ = A7y.

interaction with ~:
[A'rla’yil] - (Vaxilvx)(f)/amaxil)il = (]wxam)v

but this last element is not in Stab(1); therefore, this last case is impos-
sible, and these successive steps have reduced ¢ to 1. O

Lemma 5.12. B =T1:U=A', and B" =1" = A".
Stabk (1) = Stably (1) : T'.
B is a saturated subgroup of W, and Aut B < (A x A x A){(z, ).

Proof. Direct. U

Proof of Theorem[5.3], second part. Let ¢ normalize B. As before, we may assume
¢ = (v1, upvy, 'y uzv3). Now,

[TQ,Qﬁil] = (1, [Tg,ugl],x*i"y*j [Tg,ugl]’y*jx*i) € Stab}g(l).

Therefore i = j = 0, and (1, [3,u; '], [73,u3']) € T. On one hand, T is centralized
by 73, but on the other hand [r3,u; 1] and [73,u3 1] are inverted by T3, since 73
is an involution. Since T has no 2-torsion, it follows that [r3,u;'] = [m3,u3'] =
1. We then have ¢ = (v1, upvp,usvs), where up,us are centralized by 73. Using
(1, ug,uz_l) € T, we may reduce to the case ¢ = (vy, v, uv3).

We next compute

¢ = (v1, (uv3)™, v2) = (v1,u” "3, v2),

[Tl,qb_l] = (1,u_1v3v2,1)2v3u_1) € StablB(l).

Therefore v, = v3 and [r1, ¢! = (1,4, u™!) € UT, hence u = 1 and the proof is
finished. O

5.2. The normalizer tower. The reason the automorphism tower of I" stops after
2 steps can be attributed to the involutions in V; in the same way that the lower
central series of Aut(I') stabilizes at I : U and that of Aut®(I") stabilizes at I : UT,
the normalizer tower may not be extended beyond V. -

However, since I' is a subgroup of the pro-3-Sylow C' = (), of W, we may
consider its normalizer tower within C. For this purpose, consider the set @ =
{Zzx|Z € {A,~7}*}, with the notation of Definition B2l The set §2 will serve as

a basis for the quotients of successive terms of the normalizer tower of I'. Define a
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rank function on 2 by

rankx =1, rank(z) = 3rank z,
rank(sy7) = 3rankx — 1, rank(Az) = 3rankz — 2,

and define A,, = (z,7, Z x such that rank(Zz) < n). The elements of Q of low
rank are as given below:

rank elements

1]z Ax ANz AANx AAANz - A"z
2 \V4 \ves vAz \VZAVAY JEEEEE AVA"
3 -z Azx HAANAx HAAAT - HA"x
4 Ay Az Ayl - AV
5 v vAz vALzr - A"z
6 = vz VAV SR 4"z
7 Nz AHAxr  AHAANAx - AHATx
8 \v£4 VAT \VZAVAY SRR v VAL
9 —-x ——HAz HHAAx - AHA"z

10 VAVAN vARNRVAVAN v SEEEEREVAVAN v AbH

The next rows follow the same pattern: elements of rank n are determined by
writing backwards n — 1 in base 3, using the symbols A =0, 71 and 4 = 2.

Theorem 5.13. The following facts hold for allmn > 1:

(1) Normg,(I') > Ay,

(2) each NormZZ (1) / Norm (L) is an infinite countable elementary abelian 3-

group; .
(3) Normg(I') = (v,Q) =T for a > w.

Proof. Extend the rank function to QU{~}, by rank v = 0. Inductive computations
then show that rank[u,v] < max{ranku,rankov} — 1 for all u € QU {7} and v € Q
of rank at least 1. For example, for any Y, Z € {A, v},

rank[Vz, AZz| = rank ][V, Zx]
< 3rank[Yz, Zz] — 1
< 3(max{rank(Yz),rank(Zz)} — 1) — 1
< rank max{rank(yz), rank(yz)} — 1,
and rank[z, 7] = rank AZz = rank(yx) — 1.

We therefore have A,, < A,, 41 with abelian quotients, so the tower A, grows more

slowly than the normalizer tower.
Finally, the tower of I' stops at level w by Theorem [3.15 ([
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Norm¢, T Aut NormZ T
Norm?, I Aut’T = Aut Norm¢ T’
cgt(% / x
NormZ I AutT
CF=(v]Amz)=T /

Norme I

5.3. The Fabrykowski-Gupta group. This group was introduced in [10] as an
alternate construction of a group of intermediate growth. Like I, it acts on the
ternary tree {1,2,3}*. Let = (1,2, 3) be the 3-cycle acting on 7 according to (),
and define recursively v = (v, z, 1). The Fabrykowski-Gupta group is I = (x,v). It
is a regular branch group; we have I'/T” = (Z/3) x (Z/3), and I /(I x I" x I"’) =
(Z/3) x (Z/3).

The generators z,y of I' have order 3, and (z7,vx) is a torsion-free normal
subgroup of I' of index 3.

Theorem 5.14. Set U = (A"(z) : n > 1), a countably infinite elementary abelian
3-group. Then we have a split extension

Aut(T)=T:U.

Proof. The proof follows the same scheme as that of Theorem [5.3] and is omitted.
O

5.4. The group I'. This group also acts on the ternary tree, and is generated by
z=(1,2,3) and v = (7, x, ). The group I' was first studied in [I} 2], where some
of its elementary properties were proven.

Note that the group I' is not branch, but is a regular weakly branch group.
Consider the subgroup K = (x~15,v271); then K is a torsion-free normal subgroup
of index 3. We have I'/I" = (Z/3)x(Z/3), 1" /K’ = 72, and K'/(K'x K'x K') = 72.

Theorem 5.15. Let t be the transposition (2,3) acting on T according to [d). Let
U= (A"(zy™ 1) :n > 1) be a countably infinite elementary abelian 3-group, and
let V.={1,71,7,73} be the Klein group defined by

1 =A(1)t, T2=A(r), T13="1t.
Then we have a non-split extension
Aut(l) = (- U) : V,
where V' acts on U, forn >0, by
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A" (z)™ = AMa) 7 A" (z)? = AMx) T, A" (z)™ = A"(x),
Y= Y =771, Y =1

Let T = (7°""(x) : n > 0) be a countably infinite elementary abelian 3-group.
Aut®(T') = Aut?(I') = Aut(T") : T.
Furthermore T centralizes U and V.

Proof. The proof follows the same scheme as that of Theorem (.3 and is omitted.
O
6. THE FIRST GRIGORCHUK GROUP

This section describes an automorphism tower of the first Grigorchuk group.
Consider the regular binary tree X* with X = {1,2}, denote by o the non-trivial
permutation (1,2) of X and define isometries a, b, ¢, d of 7 by

(1...2m)* =22 ... Ty,

b= (a,c) = H 21 x a,

iZ0 mod 3
c=(a,d) = H 21 x a,
iZ2 mod 3
d=(Lb)= J[ 21xa
iZ1 mod 3

The Grigorchuk group [13], [14] is & = (S), with S = {a,b,c,d}. It is a regular
branch group. Set B = Ristg(1)@l = ()¢ and K = Ristg(12)Q12 = ([a,b])®.
Then B has index 8 in &, and K has index 16; and K/(K x K) 2 Z/4.

The automorphism group of & was computed in [I5], where it was shown, in a
manner similar to the one employed in [32], that Out(&) is an infinite elementary
2-group, generated by A"-adad for all n > 1, in the notation of Definition
Below we will give a complete description of the tower, without relying on the above
result. In order to illustrate our method, we first examine more closely the first
terms of the automorphism tower.

Let us inductively define the normalizer tower by

No=& and N,y1 = Normy (N,).
Then Ny = (a,b,¢,d, A"-adad). There are clearly some elements of W outside Ny
that normalize Ny; for instance, dad. In fact, a little computation shows that the
elements 4#A"Hadad for all n € N also normalize Np: indeed for all m,n > 0,
AN AT  Yadad, AD) =1 if m < n+ 1;
[HA"Hadad, A™Hadad] = < 1 ifm=n+1,
A" H[Ab, A™ " 2 Hadad) = 1 if m >n+1;
[HA"Hadad, a] = A" ' Hadad € Ny;
[HA"Hadad, b] = [HA"Hadad, ¢] = [HA"adad, d] = 1.
Similarly, we have dad in N.

Proceeding, we see -a in N3, and therefore N3 contains X &. We may also check
that N3 contains some other elements, like A—ad and A--adad. Based on the
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behaviour prescribed by Theorem [£7] for layered groups, we may “guess” that N3
is (X&)(AN;p){a).
Actually, the tower of automorphisms of & follows a pattern that is best described

by powers of 2. We describe it in the same language as the normalizer tower of I’
given in Subsection

Ny

C\
N N2 — [NQ, 6}
& (A"p)

c3
Dg
C B 6/ — N/
Ca /
Cy
D=BxB K = [, B]
\ /
K x K = [K, D]

Let us define
p = —adad, q = ad, r = a,

and consider the subset Q = {Zp, Zq,Zr|Z € {A,4}*} of 6., which will serve
as a basis for the quotients of successive terms of the automorphism tower of &.
Define a rank on by

rankp =1, rank g = 2, rankr = 3
and inductively
rank(-z) = 2rank z, rank(Az) = 2rankz — 1.

Then (QU S) = &, is the layered closure of &. Extend the rank function to QU S
by rank(s) = 0 for all s € S, and define the following subgroups of &,:

Ap = (x € QUS :rankz < n).

The elements of ) of low rank are as given below:

rank elements
1 p Ap AlAp AAAp AAAAp - A"p
2 q -p HAp HAALAp HAALAAp - -A"p
3 r Nq A-p  A-HAp AHAALAp - A-HA"p
4 g —-p H-HAp HH4AAp - H-HA"p
5 Ar VAVAV] VAVANS | BEVAVARS VAN ) SIS AANHAAT D
6 —r HAq HAHp HAHAp - HAAHA"p
7 VAN Y] A—-p VANt VAN BN A-HAp
8 —-q ——-p H44Ap - —H4-4A"p
9| AAr AAAgq AAN-p - AAANHATD
10 | HAar  HAAgq HAAHp - AAAAHAA™P
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The next rows follow the same pattern: elements of rank n are determined by
writing backwards n — 1 in base 2, using the symbols A =0 and 4 = 1.

Theorem 6.1. We have for all i € N
Aut’(8) = (a,b,¢,d, z € Q with rankz < 7).

In particular, Aut3'2"71(6) contains v¥® for allv € X", since rank(+"a) = 3.2n— 1,
For all i € N, we have Out(Aut'(®)) = (Z/2)“ generated by the x € Q of rank
1+ 1.
We have Aut®(®) = (Q) = &, for all @ > w.

Lemma 6.2. For all s € S, the subgroups (s)® are all characteristic and distinct.

Proof. The level stabilizer Stabg (n) is characteristic in & for all n, by Theorem [377
The subgroup (s)® contains Stabg(4), by direct computation [2, Lemma 4.1].
To check that (s)® is normal in Aut(®), it is therefore sufficient to check that
(5)®/Stabg (4) is normal in Aut(®)/ Stabg(4).

Now Aut(®) < W by Theorem B so all computations may be performed in
W = W/ Staby(4) = *C3, a 2-Sylow subgroup of Sym(2*). The image & of & has

order 2!2, and the image of Aut(®) lies in N = Normg(®), a group of order 2'3.
It is then routine to check that (s)®/Stabg(4) is normal in N.
These computations were performed using the computer software GAP [12], by

expressing W as a permutation group on 16 pointsﬁ (]

Define a norm on &, by setting
llgl]| = min {n 4 rank(w;) + - - - + rank(wy,) |g = w1 ... wp, w; € QU S}.

Note that the restriction of this norm to & coincides with the norm given by (2,
but we shall not need this fact. We have a contraction property on &, as in &:

Lemma 6.3. For all g € &, and x € X we have ||gQz| < 3(||g]| + 1).
Next define a norm on the set of group homomorphisms {¢ : & — &.} by

ol = llé(s)]-

seS
Lemma 6.4. Aut®(®) = Normg (&) for all ordinals o < w.

Proof. In [21,, Theorem 8.5], the authors show that & is saturated, with the sub-
groups (U3)™(®) fixing X™ and acting transitively on each subtree at level n.
Furthermore, & is weakly branch. By Lemma [39] the groups Aut®(®) are also
saturated and weakly branch, so Theorem 3.7 applies, and

Aut®+(6) < Normy (Aut® (&)

for all ordinals a.

We proceed by induction on . Take ¢ € Aut®(®). First, we may suppose ¢ € W
by the above. We construct inductively elements ¢,, € W for all n € N by setting
¢o = ¢ and decomposing ¢, = (A, pn)a®". We then note that A\, p, : & — &,

50Other ad hoc arguments would be preferable for manual computation; for instance, list all
quotients of & of order 8 and 16 to check that D is characteristic, and that if B,C are not
characteristic, then there is an automorphism exchanging them. This last possibility is eliminated
by computing the quotients B/ Stabg(3) = Dg x Ca and C/ Stabg (3) = C3.
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since Stabg (1) is subdirect in & x &. We set ¢,+1 to be that among A,, p, of
smallest ||-norm, and proceed.

We may assume ¢, = 0, up to multiplying by an element on &,. Suppose p,, is
of minimal norm. Then

Iéniall = l¢nti(@)ll + [ @ns1O + I ¢nt1 ()l + lonra ()]
[fn(axa)@2|[ + [|¢n (d) Q2] + [|¢n (0) Q2] + [|pn(c)Q2]|

1
5 Clignall +llgnzll + ndll + lIénc] + l|¢nd]| +1)
<lnll

for any x € {b,c}; a similar equation holds if A, is of minimal norm. Therefore
llpnll = 4 for n large enough, and by Lemma [6.2] we have ¢,, = 1.

Now for m =n—1,n—2,...,0 we have [A¢.,, a] = (A, pn, pmAy 1) € Aut®(8) C
®B,, and since one of A\, pr 1S i1 and therefore belongs to &,, we obtain that
both of them belong to &,, and therefore ¢,, belongs to &,. We have shown that
¢0 c®,. O

IN

Proof of Theorem[6.1l By Lemmal6.4] the automorphism tower of & is contained in
&... We prove the theorem by showing that the generators of Out(A,,) are precisely
the elements of rank n + 1; for this purpose, we show that

(1) elements of rank n + 1 normalize A,,, and
(2) no element of rank n + 2 or greater normalizes A,,.

It then follows that A,, = Normg (&).
The following inductive computations show that
rank[z, y] < max{rank z,ranky} — 1
forzr e Qand y € QU &:
rank[z, dy] = rank [z, y] = 2rank[z, y] < 2(max{rank z,ranky} — 1)
< max{rank 4z, rank -y} — 1;
rank[Az, Jy| = rank [z, y| = 2rank|z, y] < 2(max{rank z,ranky} — 1)
< max{rank Az, rank -y} — 1;
rank[Az, Ay| = rank Az, y]
= 2rank[z,y] — 1 < 2(max{rank z,ranky} — 1) — 1
< max{rank Az, rank Ay} -1
rank[-z, a] = rank Az = rank(-z) —
rank[Az, a] = rank 1 = 0;
rank[-z, b] = rank [z, a] = 2rank[z, a] < 2(rankx — 1) < rank(Hz) —
rank[Az, b] = rank([z, a])(l, [z, c]) < max{rank[z, a], rank[z, c|}
< rank(Azx) —
[p,a] = (ac)® € &, and more generally [p, s] € & for s € S
rank[-z, r] = rank [z, adad] < rank(Hz) —
[q,s] € B(p) for s € S,
[r, s] € B{q) for s € S

r,S
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p.d =1, [p,r]=1, [gr]=p.
Finally, the tower of & stops at level w by Theorem O

We note by direct computation that the “branching subgroup” K satisfies the
property that x?(K) is characteristic in Aut? (&). It then follows that & N & has
finite index in & for all a € Aut’(G).

More generally, we have shown for G € {&,T} that Aut’™(G)/ Aut’(G) is solv-
able (actually, of degree < 2) for all ¢ € N. Therefore, there exists k € N such
that (Aut’(G))® < G, where H®*) denotes the kth term in the derived series of
H. Since G is just-infinite and not solvable, it follows that G N G* has finite index
in both G and G?%, for all « € Aut”(G). Hence, Aut”(G) is a subgroup of the
commensurator of G in W.
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